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Abstract
In 1969 Erdo˝s proved that if r2 and n>n0(r), every graph G of order n and e(G)> tr (n) has an edge that is contained in
at least nr−1/(10r)6r cliques of order (r + 1). In this note we improve this bound to nr−1/rr+5. We also prove a corresponding
stability result.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Our notation and terminology follow [2]. Thus, G(n) is a graph of order n and G(n,m) is a graph of order n and size
m; for a graph G and a vertex u ∈ V (G) we write (u) for the neighborhood of u, and set dG(u) = |(u)|. We denote
by kr(G) the number of r-cliques of G. We let Tr(n) be the r-partite Turán graph of order n, and set tr (n) = e(Tr(n)).
Erdo˝s [3] proved that if r2 and n>n0(r), every graph G = G(n, tr (n) + 1) has an edge that is contained in at
least nr−1/(10r)6r cliques of order (r + 1).
In this note we extend this result of Erdo˝s. We call a set of t cliques of order q sharing a common edge, a q-joint
of size t. The maximum size of a q-joint in a graph G is denoted by jsq(G). Observe that for q > 3 there may be
nonisomorphic q-joints of the same size.
The above result of Erdo˝s reads as follows: if r2, n>n0(r), and G = (G(n, tr (n) + 1)), then
jsr+1(G)
nr−1
(10r)6r
. (1)
In this note we shall show that if r2, n> r8, and G = (G(n, tr (n) + 1)), then
jsr+1(G)>
nr−1
rr+5
. (2)
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Note that (2) is tight up to a factor of order at most r−6, as seen by taking the Turán graph Tr(n) and adding an edge
to its largest color class.
Moreover, we shall show that if r2, n> r8, and 0< < 16r−8, then, for every graphG=G(n)with e(G)> tr(n)−
n2, either
jsr+1(G)>
(
1 − 1
r3
)
nr−1
rr+5
or G contains an induced r-chromatic subgraph of order at least (1 − 2√)n.
2. Preliminary results
Recall that the Turán graph Tr(n) satisﬁes
(Tr(n)) =
⌊
r − 1
r
n
⌋
;
hence,
tr (n) = tr (n − 1) + (Tr(n)). (3)
Furthermore,
tr (n) = r − 12r (n
2 − t2) +
(
t
2
)
,
where t is the remainder of n modulo r; hence
r − 1
2r
n2 − r
8
 tr (n)
r − 1
2r
n2. (4)
2.1. Bounds on kr+1(G) and jsr+1(G)
We start by establishing lower bounds for kr+1(G) and jsr+1(G) in a graph G of order n with e(G)> ((r−1)/2r)n2.
Note that the (r + 1)-cliques of a graph G cover some edge at least kr+1(G)(
r + 1
2
)/e(G) times; hence,
jsr+1(G)> kr+1(G)
(
r + 1
2
)(
n
2
)−1
. (5)
Lemma 1. For all r1, c0, if G = G(n) and
e(G)>
(
r − 1
2r
+ c
)
n2, (6)
then
kr+1(G)> 2c
r2
r + 1
(n
r
)r+1
(7)
and
jsr+1(G)> 2cr
(n
r
)r−1
. (8)
Proof. For r = 1, 2 the assertion holds trivially, so we shall assume that r3.
In [7] Moon and Moser stated the following inequality whose complete proof apparently appeared for the ﬁrst time
in [5] (see also [6, Problem 11.8]) .
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If G = G(n) and ks(G)> 0 then
(s + 1) ks+1(G)
sks(G)
− n
s
 sks(G)
(s − 1)ks−1(G) −
n
s − 1 .
Equivalently, if q is the clique number of G then, for q > s > t1, we have
(s + 1) ks+1(G)
sks(G)
− n
s
 (t + 1)kt+1(G)
tkt (G)
− n
t
. (9)
Since Turán’s theorem and (6) imply kr+1(G)> 0, setting t = 1 in (9), we ﬁnd that
(s + 1) ks+1(G)
sks(G)
− n
s
 2e(G)
n
− n>
(
−1
r
+ 2c
)
n
for every s ∈ [r], Hence,
(s + 1) ks+1(G)
sks(G)
>
(
1
s
− 1
r
+ 2c
)
n
for every s ∈ [r]. Multiplying these inequalities for s = 1, . . . , r , we ﬁnd that
(r + 1) kr+1(G)
n
>nr
r∏
s=1
(
1
s
− 1
r
+ 2c
)
2cnr
r−1∏
s=1
(
1
s
− 1
r
)
= 2c
rr−1
nr ;
hence (7) holds.
Taking into account (5), we ﬁnd that
jsr+1(G)kr+1(G)
(
r + 1
2
)(
n
2
)−1
>
(
r + 1
2
)
2c
(r + 1)rr−1 n
r+1
(
n
2
)−1
 2c
n2rr−2
nr+1 = 2cr
(n
r
)r−1
,
completing the proof of (8) and the lemma. 
Since the inequality 2e(G)(G)v(G) holds for every graph G, Lemma 1 implies the following corollary.
Corollary 2. For all r1, c > 0, if G = G(n) and
(G)>
(
r − 1
r
+ c
)
n
then
kr+1(G)> c
r2
r + 1
(n
r
)r+1
and
jsr+1(G)> cr
(n
r
)r−1
.
2.2. A Bonferroni–Zarankievicz type inequality
Suppose r3, X is a set of cardinality n, and A1, . . . , Ar are subsets of X. For every k ∈ [r], set
Sk =
∑
1 i1<···<ik r
|Ai1 ∩ · · · ∩ Aik |.
Then the following theorem holds.
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Theorem 3. If i, k, l satisfy
1k ir, k < lr
then
Sl
(
i − 1
l − 1
)(
Sk
(
i − 1
k − 1
)−1
− i(l − k)
lk
)
. (10)
Inequality (10) is usually attributed to Móri and Székely [8] (e.g., see [4]), however it had been known at least 20
years earlier toYaglom and Feinberg [11] and to Pirogov [9]. A proof of (10) can also be found in a Russian problem
book from 1974 (see [10], problem 60). In fact, inequality (10) can be obtained by double counting of edges in bipartite
graphs; for illustration we prove a particular case of (10).
Lemma 4. If 1kr then
Sk
(S1/n
k − 1
)(
S1 − k − 1
k
(S1/n + 1)n
)
. (11)
Proof. Let H be a bipartite graph whose color classes are the sets [r] and X, and i ∈ [r] is joined to u ∈ X iff u ∈ Ai.
Clearly,
S1 = e(H) =
∑
u∈X
dH (u) (12)
and, for every k ∈ [r],
Sk =
∑
u∈X
(
dH (u)
k
)
.
The convexity of
(
x
k
)
implies that the minimum of Sk , subject to (12), is attained when every vertex u has degree
dH (u)= S1/n or dH (u)= S1/n	. Letting l be the number of those u with dH (u)= S1/n	 and setting x = l/n, we
see that
(1 − x)S1/n + xS1/n	 = S1/n,
and so, x = S1/n − S1/n. Since(S1/n
k − 1
)
=
(S1/n + 1
k
)
−
(S1/n
k
)
for x > 0, we have
Sk(1 − x)n
(S1/n
k
)
+ xn
(S1/n	
k
)
= n
(S1/n
k
)
+ xn
((S1/n + 1
k
)
−
(S1/n
k
))
= n
(S1/n
k
)
+ n(S1/n − S1/n)
(S1/n
k − 1
)
=
(S1/n
k − 1
)(
S1 − k − 1
k
(S1/n + 1)n
)
,
as claimed. 
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Lemma 5. Suppose r2, 0<a < 1/r(r + 1), X is a set of cardinality n, and A1, . . . , Ar+1 are subsets of X. If
r+1∑
i=1
|Ai |
(
r − 1
r
− (r + 1)a
)
n,
then
|Ak ∩ Al |>
(
r − 2
r
+ 2
r2(r + 1) −
2(r − 1)
r
a
)
n
for some 1 i < jr + 1.
Proof. Applying Theorem 4 with k = 2 to the sets A1, . . . , Ar+1, in view of
1
n
r+1∑
i=1
|Ai |r − 1
r
− (r + 1)a > r − 1,
we ﬁnd that
∑
1 i<j r+1
|Ai ∩ Aj |>
(
r − 1
1
)(r+1∑
i=1
|Ai | − r2n
)
(r − 1)
(
r − 1
r
− (r + 1)a − r
2
)
n
=
(
r(r − 1)
2
− r − 1
r
− (r2 − 1)a
)
n.
Therefore, for some 1 i < jr + 1 we have
|Ai ∩ Aj |>
(
r + 1
2
)−1 (
r(r − 1)
2
− r − 1
r
− (r2 − 1)a
)
n
=
(
r − 1
r + 1 −
2(r − 1)
r2(r + 1) −
2(r − 1)
r
a
)
n
=
(
r − 2
r
+ 2
r2(r + 1) −
2(r − 1)
r
a
)
n,
completing the proof. 
The idea of the following lemma is due to Erdo˝s; our proof techniques allow to improve his bound considerably.
Lemma 6. Suppose r2. If a graph G = G(n) contains a Kr+1 and
(G)>
(
r − 1
r
− 1
r2(r2 − 1)
)
n
then
jsr+1(G)>
nr−1
rr+3
.
Proof. Indeed, let U be the vertex set of an (r + 1)-clique in G. Then
∑
i∈U
|(i)|>(r + 1)
(
r − 1
r
− 1
r2(r2 − 1)
)
n =
(
r − 1
r
− r + 1
r2(r2 − 1)
)
n.
Hence, by Lemma 5, there are distinct u, v ∈ U such that M = (u) ∩ (v) satisﬁes
|M|
(
r − 2
r
+ 2
r2(r + 1) −
2(r − 1)
r
1
r2(r2 − 1)
)
n =
(
r − 2
r
+ 2(r − 1)
r3(r + 1)
)
n. (13)
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Note that this completes the proof if r = 2, so to the end of the proof we shall assume that r > 2. For the graph G[M]
induced by the set M we have
(G[M])(G) − (n − |M|)>
(
r − 1
r
− 1
r2(r2 − 1)
)
n − (n − |M|)
= |M| −
(
1
r
+ 1
r2(r2 − 1)
)
n. (14)
By routine calculations, for r3, we ﬁnd that(
1
r − 2 −
1
r2(r − 1)2
)(
r − 2
r
+ 2(r − 1)
r3(r + 1)
)
>
1
r
+ 1
r2(r2 − 1) .
Recalling (13), this inequality implies that
|M|
(
1
r − 2 −
1
r2(r − 1)2
)
>
(
1
r
+ 1
r2(r2 − 1)
)
n,
and furthermore,
|M| −
(
1
r
+ 1
r2(r2 − 1)
)
n>
(
r − 3
r − 2 +
1
r2(r − 1)2
)
|M|.
Hence, from inequality (14) we see that
(G[M])
(
r − 3
r − 2 +
1
r2(r − 1)2
)
|M|.
In view of (13), Corollary 2 implies
kr−1(G[M]) (r − 2)
2
r2(r − 1)3
( |M|
r − 2
)r−1
>
(r − 2)2
r2(r − 1)3
nr−1
rr−1
>
nr−1
rr+3
.
To complete the proof, observe that kr−1(G[M]) is the number of (r + 1)-cliques of G containing the edge uv and
so jsr+1(G) = kr−1(G[M]). 
3. Existence of large joints
In this section we shall prove a Turán type result for large joints as stated in Theorem 8. We start with the following
technical result.
Theorem 7. If r2 and n> r8, every graph G = G(n) with
e(G)> tr(n) (15)
has an induced subgraph G′ = G(n′) with n′ >(1 − 1/r2)n such that either
Kr+1 ⊂ G′ and (G′)>
(
r − 1
r
− 1
r2(r2 − 1)
)
n′, (16)
or
e(G′)>
(
r − 1
2r
+ 1
r4(r2 − 1)
)
(n′)2. (17)
Proof. Let the sequence u1, . . . , un be an enumeration of the vertices ofG such that dG(u1)=(G) and for i=2, . . . , n,
the vertex ui is of minimum degree in the graph G − u1 − · · · − ui−1
B. Bollobás, V. Nikiforov / Discrete Mathematics 308 (2008) 9–19 15
Set G0 = G; for every i = 1, . . . , n, set Gi = G − u1 − · · · − ui . Clearly,
e(Gi) − e(Gi+1) = (Gi) (18)
holds for every i = 0, . . . , n − 1.
Set  = 1/r2(r2 − 1) and let k be the smallest integer such that 1kn and
(Gk)>
(
r − 1
r
− 
)
(n − k).
From (18), for every s ∈ [k], we have
e(G) − e(Gs) =
s−1∑
i=0
(Gi)
(
r − 1
r
− 
) s−1∑
i=0
(n − i)

(
r − 1
r
− 
)((
n + 1
2
)
−
(
n − s + 1
2
))
<
(
r − 1
r
− 
)(
n2
2
− (n − s)
2
2
+ s
2
)
.
From (15 and (4) we have
e(G)>
r − 1
2r
n2 − r
8
.
Hence, for every s ∈ [k], we deduce that
e(Gs)> e(G) −
(
r − 1
r
− 
)(
n2
2
− (n − s)
2
2
+ s
2
)
>
r − 1
2r
n2 − r
8
−
(
r − 1
2r
− 
2
)
(n2 − (n − s)2 + s)
= n
2
2
+
(
r − 1
2r
− 
2
)
(n − s)2 −
(
r − 1
2r
− 
2
)
s − r
8
>
r − 1
2r
(n − s)2 + 
2
(n2 − (n − s)2) − r
8
− s
2
. (19)
In the rest of the proof we shall consider two cases — (a) k <n/r2 and (b) kn/r2.
(a) Assume that k <n/r2. The construction of the graphs G1, . . . ,Gk , together with (3) and (15), implies that
e(Gk)> tr(n − k);
thus, by Turán’s theorem, Kr+1 ⊂ G. Since (n − k)> (1 − 1/r2)n, and
(Gk)>
(
r − 1
r
− 1
r2(r2 − 1)
)
(n − k),
condition (16) holds with G′ = Gk and n′ = n − k.
(b) Let now kn/r2 and set l = n/r2. Then, in view of n> r8, we have
n − l
(
1 − 1
r2
)
(n + 1), (20)
implying, after some calculations, that
(n − l)2(n + 1)2
(
1 − 1
r2
)2

(
n2 − n

)(
1 + 2
r2
)−1
.
16 B. Bollobás, V. Nikiforov / Discrete Mathematics 308 (2008) 9–19
Hence, from (19), we ﬁnd that
e(Gl)>
r − 1
2r
(n − l)2 + 
2
(n2 − (n − l)2) − r
8
− n
2r2
>
r − 1
2r
(n − l)2 + 
2
(
n2 − n

− (n − l)2
)
>
(
r − 1
2r
+ 
r2
)
(n − l)2.
This inequality, together with (20), implies (17) with G′ = Gl and n′ = n − l. The proof is completed. 
After this theorem we are ready to prove our main result, strengthening inequality (1).
Theorem 8. For r2 and n> r8, every graph G = G(n) with e(G) tr (n) satisﬁes
jsr+1(G)>
nr−1
rr+5
unless G = Tr(n).
Proof. Assume ﬁrst that e(G)> tr(n). ByTheorem 7 G contains an induced subgraphG′=G(n′)with n′ >(1−1/r2)n
and such that either (16) or (17) holds. If (16) is true, applying Lemma 6 to the graph G′, we see that
jsr+1(G′)>
(n′)r−1
rr+3
>
(
1 − 1
r2
)r−1
nr−1
rr+3
>
(
1 − 1
r
)
nr−1
rr+3
,
and the assertion follows.
If (17) holds then, by Lemma 1, we see that
jsr+1(G′)>
2r
r4(r2 − 1)
(
n′
r
)r−1
>
2
r3(r2 − 1)
(
1 − 1
r2
)r−1(n
r
)r−1
>
2
r3(r2 − 1)
(
1 − 1
r
)(n
r
)r−1
>
nr−1
rr+5
.
Assume now that e(G) = tr (n). If G has a vertex u with d(u)< (Tr(n)) then
e(G − u)> tr(n − 1),
and therefore, the graph G − u contains an induced subgraph G′ = G(n′) with n′ >(1 − 1/r2)(n − 1) and such that
either (16) or (17) holds. Using the arguments from the ﬁrst part of our proof we see that either
jsr+1(G′)>
(n′)r−1
rr+3
>
(
1 − 1
r2
)r−1(
1 − 1
r8
)r−1
nr−1
rr+3
>
(
1 − r − 1
r2
)(
1 − r − 1
r8
)
nr−1
rr+3
>
nr−1
rr+5
,
or
jsr+1(G′)>
2r
r4(r2 − 1)
(
n′
r
)r−1
>
2
r3(r2 − 1)
(
1 − 1
r2
)r−1(
n − 1
r
)r−1
>
2
r4(r2 − 1)
(
1 − 1
r
)(
1 − 1
r8
)r−1(n
r
)r−1
>
nr−1
rr+5
,
completing the proof in this case.
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It remains the case when (G) = (Tr(n)). Since n> r8, we ﬁnd that
(G) =
⌊
r − 1
r
n
⌋

(
r − 1
r
− 1
r2(r2 − 1)
)
n. (21)
If G = Tr(n), Turán’s theorem implies that G contains a Kr+1; thus, in view of Lemma 6 and (21), the proof is
completed. 
4. A stability theorem about large joints
Theorem 8 may be used to prove a stability result about large joints as stated in Theorem 9. In our proof we shall
need the following result of Andrásfai, Erdo˝s, and Sós [1]: if G is a Kr+1-free graph of order n with minimum degree
(G)>
(
1 − 3
3r − 1
)
n
then G is r-colorable.
Theorem 9. Let r2, n> r8, and 0< <r−8/16. If a graph G = G(n) satisﬁes
e(G)>
(
r − 1
2r
− 
)
n2,
then either
jsr+1(G)>
(
1 − 1
r3
)
nr−1
rr+5
, (22)
or G contains an induced r-colorable subgraph G0 of order at least (1 − 2√)n with minimum degree
(G0)>
(
1 − 1
r
− 4√
)
n. (23)
Proof. We shall assume that n21, as otherwise we have e(G) tr (n) and the assertion follows from Theorem 8. Set
 = 2√ (24)
and deﬁne M ⊂ V = V (G) by
M =
{
u ∈ V : d(u)
(
r − 1
r
− 
)
n
}
.
Assume that (22) does not hold. Our aim is to show that (a) |M|< n, and (b) the subgraph G0 of G induced by
V \M has the properties required in the theorem.
(a) Assume for a contradiction that |M|n and select M ′ ⊂ M with
|M ′| = n. (25)
Note that M ′ is nonempty since n = 2√n2. Let G′ be the subgraph of G induced by V \M ′. Then
e(G) = e(G′) + e(M ′, V \M ′) + e(M ′)e(G′) +
∑
u∈M ′
d(u)
e(G′) + |M ′|
(
r − 1
r
− 
)
n.
In view of (25) we have n − |M ′|>n − n. Hence, if
e(G′)> r − 1
2r
(n − |M ′|)2,
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then, by Theorem 8 and (24),
jsr+1(G)jsr+1(G′)>
(n − |M ′|)r−1
rr+5
>(1 − )r−1 n
r−1
rr+5
> (1 − (r − 1))n
r−1
rr+5
>
(
1 − 1
r3
)
nr−1
rr+5
.
Thus (22) holds, contradicting our assumption.
Consequently we may and shall assume that
e(G′) r − 1
2r
(n − |M ′|)2.
Since
e(G′)e(G) −
∑
u∈M
d(u)
(
r − 1
2r
− 
)
n2 − |M ′|
(
r − 1
r
− 
)
n,
it follows that
r − 1
2r
(n − |M ′|)2
(
r − 1
2r
− 
)
n2 − |M ′|
(
r − 1
r
− 
)
n.
Setting x = |M ′|/n we ﬁnd that
r − 1
2r
(1 − x)2 + x
(
r − 1
r
− 
)
−
(
r − 1
2r
− 
)
0.
and so,
x2 − 2x + 20.
Hence, either
|M ′|( −
√
2 − 2)n = (1 −√1/2)n
or
|M ′|( +
√
2 − 2)n = (1 +√1/2)n.
Both inequalities contradict (25) in view of √1/2n = √2n√2. Therefore, |M|< n.
(b) Note ﬁrst that G0 has n − |M|>(1 − )n vertices. By our choice of M, for every u ∈ V \M, we have
dG(u)>
(
r − 1
r
− 
)
n; (26)
thus
dG0(u)>
(
r − 1
r
− 
)
n − |M|>
(
r − 1
r
− 2
)
n =
(
r − 1
r
− 4√
)
n, (27)
and (23) holds.
All that remains to prove is that G0 is r-colorable. From (27) we have
(G0)>
(
r − 1
r
− 4√
)
n
(
r − 1
r
− 4√
)
v(G0)
>
(
r − 1
r
− 1
r4
)
v(G0)>
(
1 − 3
3r − 1
)
v(G0) (28)
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If G0 contains a Kr+1, by Lemma 6 we have
jsr+1(G)jsr+1(G0)>
(n − |M|)r−1
rr+3
>(1 − )r−1 n
r−1
rr+3
> (1 − (r − 1))n
r−1
rr+3
>
(
1 − 1
r3
)
nr−1
rr+3
.
Therefore, (22) holds, contradicting our assumption.
We may assume that G0 is Kr+1-free. In view of (28), the theorem of Andrásfai, Erdo˝s, and Sós implies that G0 is
r-colorable, completing our proof. 
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